In this work, we analyze hybrid ARQ (HARQ) transmission over the independent block fading channel. We consider two scenarios with respect to the message sent by the receiver via the feedback channel: i) "conventional", one-bit feedback used to inform the transmitter about the decoding success/failure (ACK/NACK), and ii) the multi-bit feedback message, where on top of ACK/NACK, the transmitter is provided with additional information about the state of the receiver. To minimize the outage probability under long-term average and peak power constraints, we cast the problems into the dynamic programming (DP) framework and solve them for Nakagami-m fading channels. An approximate, closed-form solution for the high signal-to-noise ratio (SNR) regime is proposed using geometric programming (GP). The obtained results quantify the advantage of the multi-bit feedback over the conventional one-bit approach, and show that the power optimization can provide significant gains over conventional power-constant HARQ transmissions even in the presence of peak-power constraints.
(ACK) is sent on the feedback channel-or a maximum number of transmissions is reached, which is dubbed as truncated ARQ [2] , [3] . An hybrid ARQ (HARQ) scheme combines ARQ and FEC. Nowadays, practically all wireless communication standards use HARQ.
HARQ schemes can be separated into two main groups depending on how the coding is done across the transmission rounds: i) repetition redundancy HARQ (RR-HARQ) 1 [4] , [5] , where the same message is transmitted in all rounds, and ii) the incremental redundancy HARQ (IR-HARQ) [6] , where each transmission round carries a different piece of the codewords taken from the "mother code".
If the receiver decodes the message from the current round ignoring the previously received signals, then the operation of RR-HARQ and IR-HARQ is the same and is often referred to as HARQ type I.
In our work we assume that the receiver decodes the message using signals received in all transmission rounds. In the case of RR-HARQ the message is decoded from the maximum ratio combining (MRC) of all the channel outcomes corresponding to different transmissions; while it is often called "Chase combining", an interesting discussion of historical reasons for not using this very name can be found in [7, Sec. I] .
A. State of the Art and Main Assumptions
In this work, we focus on power assignment strategies targeting the minimization of the outage probability subject to both, peak power and long-term average power constraints for IR-HARQ and RR-HARQ schemes in block fading channels. We analyze the cases where the power is (i) allocated as a function of the retransmission number, that is, only ACK/NACK message is exploited by the transmitter (one-bit feedback), or (ii) adapted using the channel state information (CSI) obtained from the receiver via the feedback channel, where many bits may be necessary to convey the information (multi-bit feedback).
The assumption about the channel model and coding/ decoding are fundamental to address that problem. As for the latter, we adopt the often used "perfect decoding" model, where the decoding is assumed successful if and only if the decoding metric (such as the mutual information or the signal to-noise ratio (SNR)) exceeds a threshold [8] , [9] . The outage probability takes then binary values (one or zero).
This assumption is justified by the random codebook generation argument when the block length tends to infinity and leads 1 Name coined in [7] .
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to a simple expression for the mutual information as a decoding metric log 2 (1 + γ), where γ is the SNR. We use this idealized model in our work. On the other hand, more practical but also more challenging to tackle analytically, is the assumption of using discrete constellations considered in [10] , [11] , where the decoding metrics cannot be easily expressed in a closed form; the similar difficulties arise when dealing with non-scalar multiple-input multiple-output (MIMO) transmission [3] , [11] . Finally, in another step to bring the coding/decoding considerations closer to the practice, we may assume that the decoding failure is a non-binary function of the decoding metric (SNR or mutual information). Such an approach was considered in the context of HARQ, e.g., in [3] , [12] - [14] but it depends on the adopted coding/decoding methods. The results based on the perfect decoding and Gaussian signalling we use may be thus seen as the limits for any practical coding scheme.
With respect to the channel, what mostly matters is the model of the channel gains in the transmission rounds. In that regard, some of the previous works assumed that all the transmission rounds are done over the same realization of the channel, e.g., [15] - [18] . Since the probability of outage may be then expressed in a closed form, it is possible to find exactly the optimal power allocation [16] , [17] .
The conceptual difficulty of adopting such a model is that the very need of HARQ may be questioned. Indeed, the knowledge of the CSI should allow the transmitter to select the transmission parameters (e.g., rate/power) so that, under the perfect decoding assumption, the outage is avoided. This, in turn, removing the need for HARQ would cast the problem into the conventional adaptive modulation and coding (AMC) [8] , a point of view, which is supported by the equivalence of the HARQ and AMC demonstrated in [17] .
In our work, we rather focus on the scenario where the CSIs in the blocks are independent random variables. Such an assumption is justified when the transmission time instants are separated by more than the coherence time of the channel, which may occur due to significant communication/processing delays and was considered already before, e.g., in [9] , [11] , [19] - [21] .
Finally, the assumption about the feedback channel is important when considering the power adaptation. In [10] , [11] , the practical aspect of feedback discretization was analyzed, while the finely discretized "multi-bit" feedback appeared in [21] , [22] . We assume the idealized scenario where the number of bits may be sufficiently large so the uniform discretization is adopted; the design of the optimal discretization is much more challenging and goes beyond the scope of this work.
B. Contributions and Previous Works
As indicated above, different elements of the powerassigment problem has been already treated in the context of HARQ. Here we mainly want to assess the value of the multi-bit feedback for outage optimization in HARQ and its relationship to the inherent channel diversity, which we define as the diversity of one transmission blind to the CSI. To this end we present the optimization framework, which aims to solve in a uniform manner the problems of power allocation and adaptation. The solutions we propose naturally overlap with and/or bear similarities to the cases treated previously so our contributions may be summarized as follows: 1) We cast the power-allocation problem for IR-HARQ and RR-HARQ into the well-known dynamic programming (DP) framework, [23, Ch. 1] , where both the peak-power and average power constraints are considered. The optimal solutions are given in a parametrized closed form for an arbitrary number of transmissions and Nakagami-m fading channels. This problem was partially solved in the past. In particular, the power allocation problem was solved in [19] , [20] in Rayleigh fading (m = 1) and the constraints on the peak-power were included in [19] for two transmissions only, while our approach does not impose constraints on m or the number of transmissions. Furthermore, [11] proposed the allocation strategy which attains the maximum diversity but is suboptimal in terms of outage; we characterize analytically this suboptimality.
The heuristics of [11] is necessary due to the lack of closed-form expression for the outage in the case of discrete constellations. In our case, we adopt the approximations of [24] and [25] valid for high/infinite SNR, where the solutions can be claimed as "optimal". Our solutions should be through of as "optimized" for finite SNR but, after this disclaimer, and to alleviate the writing, this distinction is left implicit. However, this point is again addressed in Section VII-C, where we show that the heuristic solution from [11] outperforms our results for low SNR. 2) We derive a simplified closed-form power allocation policy for the high SNR regime using the geometric programming (GP), which was also used in [3] but where, the closed forms were not shown due to the lack of the analytical expressions for the outage. [20] also used GP in Rayleigh model but did not consider the more general fading case due to the lack of expressions for the outage. 3) We cast the problem of power adaptation optimization into the DP framework and solve it for both RR-HARQ and IR-HARQ. A similar problem was solved in [22] , however, not being directly related to the HARQ, it did not address the issue of a variable number of blocks per packets, which we do here. This particular property allowed [22] to deal explicitly with the constraints and the dual optimization problem was not necessary, as it is in our case.
Again, the solutions we present depend inherently on the discretization of the adaptation functions and thus can be claimed "optimal" only with a sufficient number of discretization points. 4) Finally, we provide numerical results for wireless channel models, compare the outage probability of power adaptation/allocation, and conclude on how the diversity attained by the HARQ is affected by the inherent channel diversity and/or by the number of allowed transmissions.
The rest of the paper is organized as follows. In Section II, we introduce the adopted system model and, in Section III, we define the optimization problems. The solution for the case of power adaptation is shown in Section IV and for the case of power allocation-in Section V. We provide numerical examples that illustrate the advantages obtained using the optimal power policies in Section VI. The optimal allocation for the high SNR regime is discussed in Section VII. Conclusions are drawn in Section VIII.
II. SYSTEM MODEL
We consider a block-fading model where the channel between the transmitter and the receiver is varying (fading) randomly from one transmission to another but stays invariant during each of the transmissions, thus the signal received on the kth ARQ transmission round is given by
where z k is a zero-mean, unit-variance Gaussian noise, x k is the unit-variance transmitted signal, and P k (CSI k−1 ) ≥ 0 is the transmit power which is a function of the previous realization of the channel
, where √ γ k is the instantaneous channel gain, i.e., γ k is the instantaneous nominal SNR (i.e., the SNR experienced at the receiver with the unitpower transmission). It is assumed to be perfectly known at the receiver but unknown to the transmitter. Thus, the transmitter cannot adjust the communication rate in the kth transmission based on γ k .
To recover from decoding errors, the coded versions of a data packet are transmitted at most K times. On top of the conventional one-bit signaling between the transmitter and the receiver (ACK/NACK messages), we also allow the receiver to send back to the transmitter the CSI (entirely defined through the SNR realizations γ k ) collected during unsuccessful transmission rounds. This is possible due to the feedback channel which is assumed error-free.
We assume that γ k can be modelled as independent and identically distributed (i.i.d.) random variables with
denotes the mathematical expectation calculated with respect to γ. The independence of γ k can be justified by the practical scenario where the successive transmissions are not sent in adjacent time instants and, being sufficiently well separated, the realizations of the channel become-to all practical extent-independent [9] .
Most of the derivations will be done in abstraction of the particular fading type but, in numerical examples, we consider the Nakagami-m distribution, which is often used to model the fading in wireless links, and where the parameter m captures the inherent diversity of the channel, i.e., the outage diversity of single transmission in the absence of CSI (see (54) for the definition of the outage diversity). Hence, the probability density function (PDF) of the nominal SNR, γ k , is given by
and the cumulative density function (CDF) F γ (x), by
where Γ(x) and Γ(s, x) denote, respectively, the gamma function and the lower incomplete gamma function. We assume that the decoding is successful if the average accumulated mutual information at the receiver is larger than the overall transmission rate for IR-HARQ. In the case of RR-HARQ, the decoding is successful if the accumulated SNR is larger than an SNR threshold. Thus, the decoding fails after k transmissions with the probability
for IR-HARQ
where
Using this notation, the cases we consider are defined as follows:
• Constant power (CO) HARQ, where P k (CSI k−1 ) ≡P , i.e., the power is the same in all transmission rounds.
• Power Allocation (AL), where the CSI feedback is ignored (or-simply-not available) and the power varies solely as a function of the index of the transmission round, i.e.,
Here, I(x) = 1 if x is true, and 0 otherwise. Thus, to adjust the power, the explicit knowledge of I k−1 is not necessary because the NACK message conveys the information that the logical condition {I k−1 ≤ i th } is satisfied. The problem of power allocation consists, therefore, in finding the scalarsP k .
• Power Adaptation (AD), where the power is modified in each transmission round using the CSI provided over the feedback channel. From (3), the decoding error event in the kth transmission depends uniquely on I k−1 and γ k (which is unknown, and cannot be predicted from the previous CSI γ 1 , . . . , γ k−1 due to the independence assumption). Consequently, I k−1 (which is a scalar representation of the vector CSI k−1 ) is the only parameter eventually required to adapt the power P k (CSI k−1 ) via a scalar functions
where I 0 Δ = 0. The power adaptation consists, therefore, in finding the functionsP k (I k−1 ). To make the optimization tractable numerically, we discretize I k−1 over a finite number of N points. Using "sufficiently" large N (more details on discretization in Section VI and Fig. 5 ) allows us to conclude on the maximum gain that can be achieved using information about the decoder's state contained in I k−1 .
III. OPTIMIZATION PROBLEM
Let the total power consumed during the transmission of a packet be given by a function P(CSI K ), and the total number of necessary transmission rounds by T (CSI K ), both defined for a random argument CSI K .
Then, according to the reward-renewal theorem [26] , the long-term average power is the ratio between the average transmit power between two consecutive renewals (sending a new data packet) and the expected number of transmissions needed to deliver the packet with up to K transmission rounds [9] , [27] :
where f k is the probability of a decoding failure after k transmission rounds given by (3), and
is the expected transmit power during the kth transmission rounds, obtained by considering all the events yielding the kth transmission, i.e., the event I k−1 > i th .
In this work, we aim at minimizing the outage probability f K with respect to the power policy
for a given long-term average power P max , peak allowed power P max and a transmission rate R. Taking (7) into consideration, the optimization problem can be formulated as follows:
The problem (9) requires an optimization over the scalar P 1 and the functions P k (CSI k−1 ), so to solve it we will discretize the functions using N equidistant points. Then we define the Lagrangian function L : R
where β is the Lagrange multiplier and the box-type constraints on the power 0 ≤ P k (CSI k−1 ) ≤ P max are left implicit. Further, without any loss of generality, in the following we assume P max = 1.
IV. OUTAGE-OPTIMAL POWER ADAPTATION
For power adaptation (6), the expected transmit power during the kth transmission is given by:
Thus the Lagrangian function L defined in (10) can be written as
To solve the primal problem in (9) , it is difficult to use the Karush-Kuhn-Tucker (KKT) conditions on the Lagrangian function (12) since it requires to solve analytically a system with a large number of equations where, in addition, closed form expressions of f k (for 2 ≤ k ≤ K) are unknown. To overcome these difficulties, we propose to solve the dual problem.
In the general case, the dual problem provides a solution which is a lower bound to the solution of (9); the difference between the lower bound and the true optimum is called the "duality gap". However, according to a result in [28, Theorem 1] , optimization problems with expectations over possibly nonconvex functions of random variables in both objective and constraint functions have a zero duality gap, given that the PDF of the random variable of interest has no points of strictly positive probability (i.e., its CDF is continuous). For this reason, we express the outage probability and the average transmit power (11) as a function of the nominal SNR γ k , k = 1, . . . , K, with a continuous CDF, indeed verifying the above requirement
and
According to [28, Theorem 1] , the objective and constraint functions must be expectations over functions of random variables. Therefore, sinceP 1 is independent of any random variable we introduce an intermediate optimization problem defined for a given value ofP 1 > 0
The optimal solution of (9) is then given by
Defining the Lagrange dual function d :
the dual optimization problem is thus given by
Note that, since the problem (15) and its dual (19) have a zero duality gap, we can guarantee that
Finally, (18) can be rewritten in a recursive form characteristic of dynamic programming optimization (DP):
where I k is a function of I k−1 ,P k (I k−1 ) and γ k , in the form
For a given I k -noting that I k ∈ [0, i th ] should be discretized over N points-we can optimize the value of the functioñ P k (I k−1 ) provided that the function J k+1 (I k ) is known. Thus, the global optimization of the possibly non-convex problem in (15) over the set of N K−1 values is reduced to a series of (K − 1) · N one-dimensional optimizations thanks to the DP formulation equations in (20)-(23).
A. Radio Silence
In the context of IR-HARQ transmissions, we have
The condition to guarantee a minimum in the last DP step is that the derivative of the function under minimization in (23) equals zero, i.e.,
where it is easy to show that q(x)
, and q(∞) = 0, and hence, q(x) has a maximum q max = max x q(x). Since the derivative u(0) = β and u(P K ) must be locally non-increasing aroundP K = 0 (i.e., u (0) ≤ 
has at least two zeros 2 and the optimal solution corresponds to the point where the second derivative is positive.
In Fig. 1 , we show the adaptation policyP k (x) in a case of IR-HARQ with K = 4. As we see, the optimal solution requires a "radio silence", that is, knowing in the kth transmission that the accumulated mutual information at the receiver is below a threshold i 0,k−1 , the transmitter decides to stay silent (zero transmit power) until the maximum number of transmissions is attained. In plain words, this silence time preserves the power when the transmitter has small chances of successfully terminating the transmission.
B. Outage Calculation
To calculate the outage probability, we use (4) where the CDF of I k is F I k (x) and taking into consideration thatP k (x) = 0 for x ∈ [0, i 0,k−1 ], we obtain
which depends on the PDF p I k−1 (y) of I k−1 .
The differentiation of (27) yields a recursive relationship for the PDF
Considering
, the same analysis as (27) and (28) can be done in the case of RR-HARQ. Thus,
which again depends on the PDF p I k−1 (y) of I k−1 .
Differentiation of (30) yields the recursive relationship for the pdf
V. OUTAGE-OPTIMAL POWER ALLOCATION
In this section, we consider the problem of optimal power allocation (i.e., P k (CSI k−1 ) ≡P k · I(I k−1 ≤ i th )). The expected power consumed in the kth transmission round is given by
and the long-term average power (7) by
Thus, the Lagrangian function L defined in (10) can be expressed as
and the Lagrange dual functiond : R + → R is given bŷ
To cast (36) into the DP formulation, we need to find the "states" S k such that: (i) f k may be calculated from S k , and (ii) state S k+1 may be obtained from S k andP k+1 . Because the closed form expressions of f k are unknown, we use an accurate approximation to express f k in terms of {P l } k l=1 shown in the Appendix A, which lets us obtain the following relationship:
where the parameter h k is independent ofP k and m k is the parameter of the Nakagami-m channel at the kth transmission. Considering f 0 = 1, the optimization problem in (36) can be reformulated recursively as followŝ
. . .
where f k depends on f k−1 andP k via (37). Starting with (40), we find a unique solution aŝ
Lemma 1: If exist β min and β max such that
then the solutions (41) are optimal.
Proof: See Appendix C. Since the solutions (41) verify
β min = ∞ and β max = 0 satisfy the conditions of Lemma 1. Therefore, the solutions (41) are optimal.
VI. NUMERICAL EXAMPLES
For the case of m = 2, Fig. 2(a) and Fig. 2(b) present the optimized outage probability in the case of IR-HARQ and RR-HARQ, respectively. We show both cases when P max = 5 and P max = ∞. We also plot the outage probability of constantpower transmissions (CO). We can see that, for high SNR, the optimized results outperform CO HARQ, which is due to the increased diversity of both power adaptation and allocation strategies. On the other hand, the results for CO HARQ can outperform AL HARQ because the latter is based on the approximations, which loose their validity for low SNR. For example, for γ < −2 dB in Fig. 2(a) and for γ < 0 dB in Fig. 2(b) .
When we apply the peak-power constraints with P max = 5, the gain of the AL outage compared to CO starts to decrease after a specific value γ 0 of the average SNR γ. For example, in the case of allocation with K = 4, γ 0 ≈ 0 dB for IR-HARQ and γ 0 ≈ 2 dB for RR-HARQ. This is justified by the fact that the constraint P max = 5 becomes active for γ ≥ γ 0 , as can be seen in Fig. 3 . When the power constraints are active, the only degree of freedom comes throughout the variation ofP 1 and the diversity of the allocation schemes is the same as the diversity of the constant power transmission. Fig. 4 compares the adaptation and allocation strategies, illustrating well that the gain due to adaptation is not only a function of the maximum number of transmissions K, but is also depends on the channel parameter m. In particular, for K = 2 we obtain the gain of approximately 0.1 dB, 0.2 dB, and 0.5 dB for m = 1, m = 2, and m = 3, respectively. For K = 4, the respective gains increase and also grow with m; they are approximately given by 0.5 dB, 1.5 dB, and 1.8 dB. Finally, we provide an insight into the discretization effects. All numerical calculations, e.g., those in (27) and (28), are based on the discretized version of all the functions involved. While we used a uniform discretization of the mutual information I k using N points, the intermediate numerical steps (such as integration) are based on non-uniformly distributed nodes (due to application of numerical quadratures) and thus the interpolation is required. We opted for a simple linear interpolation in all numerical procedures. In this sense, the accuracy of the calculation is limited by the accuracy of the representation of the underlying functions by their piecewise linear approximation. In Fig. 5 we compare the optimized outage obtained for different values of N .
We observe that the number of discretization points may play an important role for large values of K, where the functions P k (I k−1 ) and the PDF p I k (x) may have large first derivative (i.e., large "dynamic range") and where the piece-wise linear interpolation may introduce significant errors.
Increasing N improves the accuracy of calculation, however, in the interval of the outage we are interested in (here f K ≤ 10 −6 ), the results do not change significantly for N ≥ 100 and K = 4. For K = 2, the results are virtually insensitive to change in N and even a relatively small value N = 10 provides the satisfactory results. Beside these test results, all the adaptation results were obtained for N = 200.
VII. HIGH-SNR SOLUTIONS
We will now find approximate solution of the power allocation problem, which hold in the high-SNR regime. Their closed form will allow us to elucidate the gains of the optimal power allocation with respect to the heuristic power allocation proposed in the literature.
A. Power Allocation: Approximate Solution
We target the high SNR regime, where typically lim γ→∞ f k = 0 for k ∈ {1, . . . , K}. Thus, the long term average power (defined in (34)) can be expressed as
While (46) was used in [19] and [20] to define the long term average power, we emphasize that (46) is only an approximation valid in a high SNR regime.
Then, the optimization problem (9) can be rewritten in the case of power allocation as
where we assume that P max = ∞ and P max = 1.
As shown in Appendix A, for Nakagami-m fading channel, a unified approximation of the outage probability f K and the expected transmit power for both IR-HARQ and RR-HARQ can be written as
where A 0 = 1 and A k is defined in (75) and (66) for the case of IR-HARQ and RR-HARQ respectively. To alleviate the notation, we assume that m k = m, i.e., the transmission in all rounds experiences the same fading distribution. Therefore, the optimization problems (47) can be written in the standard primal form of GP [29] - [31] min
As shown in Appendix B, the optimal solution of (50) is given by
and thus λ(δ
. Therefore, the optimal power policy corresponding to the optimization problem (47) is given by (85)
B. Diversity
To compare different transmission schemes, we may compare the evolution of the outage as a function of the SNR, captured by the the diversity defined as [11] 
In the expressions for A k , cf. (66) and (75), the exponent of γ is equal to (−mk) so we immediately conclude that the diversity of the constant power HARQ is given by D = Km.
Using (48) and (49) in (51) the diversity D for power allocation is given by
We note that the result (55) may be derived from [11, Eq. (23) ], assuming infinite size of the constellation.
C. Suboptimal Solutions: SNR Gain
Since many solutions may achieve the maximum diversity (55), the difference between transmission schemes having the same diversity can be characterized by the SNR gain.
from which we obtain
The SNR gain Δγ can be interpreted graphically as the value [dB] of the horizontal left shift of the outage curve f K letting both outage curves overlap with each other.
In particular, we can find the SNR gain of the approximate solution we derived with respect to the heuristic policy satisfying (see [11, Remark 1 
which used in (34) yields
We thus have to findP 1 which satisfies P (P 1 ) ≤ 1 and again, we can opt for high-SNR approximation where
Using (48) and some straightforward manipulations we find
where D is the same as (55), which is to be expected from the results shown in [11] . On the other hand, the above heuristic power allocation is not optimal in term of outage. Using (61) and (51) 
The limiting case of the above expression can found as
and is thus growing with K, meaning that increasing the number of transmissions accentuates the suboptimality of the heuristic power allocation (58).
In Fig. 6 , we compare the optimized solutions obtained using DP and GP for RR-HARQ and IR-HARQ. For high SNR, and as expected, the solutions of GP converge to the optimized solution obtained with DP. The solution based on the heuristics (58) is also shown; for K = 2, the gains predicted by (62) are Δγ = 0.25 dB, Δγ = 0.57 dB, and Δγ = 0.84 dB, respectively, for m = 1, m = 2, and m = 3.
There is yet another quite interesting observation which should be made in Fig. 6 . Namely, in low SNR, the outage yielded by heuristics of [11] is smaller than the one obtained using our method. This is because, as we mentioned already, out method is optimal in high SNR. In fact, we verified that the heuristics of [11] is practically identical to the outage-optimal solution in the range of outage we display in Fig. 6 . To do that we applied optimization techniques based on DP suggests in [32, Chap. 3.3.4] , but presenting them here is out of scope; we only mention that they do not produce closed-form results.
VIII. CONCLUSION
In this paper, we analyze the impact of multi-bit feedback on the outage of HARQ protocols in Nakagami-m block fading channels. First we derive the optimization algorithms and next, show that optimizing the power allocation/adaptation strategy leads to notable gains over the constant-power transmission HARQ. Adding multi-bit feedback improves the performance and the achievable gains increase with the allowed number of transmissions as well as with the inherent channel diversity represented here by the parameter m of the Nakagami-m distribution.
Our work investigates the value of the power adaptation/ allocation schemes in the idealized scheme of Gaussian, Fig. 6 . Outage probability when HARQ process use the optimized allocation power policies find by dynamic programming (DP) and geometric programming (GP) in the case of (a) RR-HARQ and (b) IR-HARQ for K = 2 and Nakagami-m fading channels with m = 1, 2, 3 and R = 1.5. The solutions obtained using the heuristic allocation (HA) (58) are also shown.
infinite-length codes and perfect feedback. The removal of these idealizations may be considered as a next step to elucidate the value of the adaptation/allocation schemes. In particular, the extension of this work might consider the optimization of the outage in the case of discrete constellations, practical codes, and/or imperfect CSI, where the latter may occur due to many reasons such as the discretization of the feedback, imperfect channel estimation, using CSI over time-correlated channels, etc.
APPENDIX A
We aim to determine the expression of h k and A k (required in (37) and (48) respectively) for the case of IR-HARQ and RR-HARQ. For that, we will derive a simple and accurate approximation of f k defined in (3). Clearly, calculating the outage probability in (3) for the power allocation scheme requires the derivation of the CDF of the sum of k independent random variables. These are C k = log 2 (1 + γ kPk ) in the case of IR-HARQ, or σ k = γ kPk in the case of RR-HARQ.
A. RR-HARQ
We use a simple and accurate method to evaluate the outage probability at the output of MRC receivers in arbitrarily fading channels introduced in [24] . The approximation is based on the so-called saddle-point approximation (SPA) [33] , [34] . For the special case of Nakagami-m fading channels, the outage probability can be approximated by [24] 
In this case, we can easily show that h k , required in (37), is given by
B. IR-HARQ
A simple and powerful way of characterizing the performance of diversity schemes via limiting analysis of outage probabilities in Rayleigh fading channels is proposed in [25] and [35] . We use a similar analysis to approximate the outage probability in the case of IR-HARQ for Nakagami-m fading channels. The key idea is the following:
Theorem 1: If the CDFs of two independent random variables Z and W satisfy
where n 1 , n 2 , a and b are constants, g(t) and q(t) are monotonically increasing functions, and the derivative of q(t) (denoted as q (t)) is integrable, then the CDF of the sum Y = Z + W satisfies 
Using Theorem 1 with t = R recursively, we have an approximation of the outage probability as
where with g 0 (t) = 1 and q k (t) = (2 t − 1) m k . Thus, A IR K is given by
where g k (R) can be calculated numericaly. We show the accuracy of the approximation in Fig. 7 .
Since g k (t) are independent of the transmitted power and/or SNR, the expression of h k , required in (37), is thus given by
APPENDIX B
In this appendix, we solve the optimization problem (50) written as a GP problem [29] - [31] in the standard primal form 
where x = [x 1 , x 2 , . . . , x K ] and
The dual problem corresponding to the primal problem (77) is defined as 
This is the so-called GP with a zero degree of difficulty [30] , which implies that the unique solution δ * of the dual constraints (81) is also the solution of (80). Because the dual constraints are linear, δ * can be determined easily by solving (81) as
Defining x * the solution of (77), the optimal solution of (77) is given by [29, pp. 114-116] g 0 (x * ) = v(δ * ) = (λ(δ * )) 
where λ(δ * ) = (m + 1)
Basically, x * i in (85) are the closed form solutions of the optimization problem (50), i.e., x * i =P i .
APPENDIX C PROOF OF LEMMA1
To show the optimality of the solutions given in (41), we consider an optimization problem in the standard form
and assume its domain D is nonempty. We define the Langrangian L : R N × R + → R associated with the problem (87)
L(x, β) = Q(x) + βR(x).
(88)
The Lagrange dual function g : R + → R is the minimum value of the Lagrangian over x g(β)
and the corresponding solution is denoted by x * (β)
The dual function is the lower bound on the optimal value Q * of the problem so for any β ≥ 0 we have
Thus, if there is β * ≥ 0 such that
then, x * (β * ) is the optimal solution of (87). Moreover, if x * (β) is continuous on β, i.e., x * (β) is continuous in each dimension, R(x) is continuous over D and there are β min and β max such that
then, exists β * , such that β min < β * < β max and x * (β * ) is the optimal solution of (87).
In our case the constraint (35) and the optimal solutionsP k (β) in (41) are a continuous functions, thus the continuity of x * (β) and R(x) is guaranteed, which terminates the proof.
